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Field Theories
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Quantum field theory reconciles quantum mechanics and special relativity, and plays a central
role in many areas of physics. We developed a quantum algorithm to compute relativistic scattering
probabilities in a massive quantum field theory with quartic self-interactions (f4 theory) in
spacetime of four and fewer dimensions. Its run time is polynomial in the number of particles,
their energy, and the desired precision, and applies at both weak and strong coupling. In the
strong-coupling and high-precision regimes, our quantum algorithm achieves exponential
speedup over the fastest known classical algorithm.

Thequestion whether quantum field theories
can be efficiently simulated by quantum
computers was first posed by Feynman

three decades ago when he introduced the notion
of quantum computers (1). Since then, efficient
quantum algorithms for simulating the dynamics
of quantum many-body systems have been
developed theoretically (2–4) and demonstrated
experimentally (5–7). Quantum field theory, which
applies quantum mechanics to functions of space
and time, presents additional technical challenges,
because the number of degrees of freedom per
unit volume is formally infinite.

We show that quantum computers can ef-
ficiently calculate scattering probabilities in
continuum f4 theory to an arbitrary degree of pre-
cision. We have chosen f4 theory, a scalar theory
with quartic self-interactions, because it is among
the simplest interacting quantum field theories
and thus illustrates essential issues without un-
necessary complications. Our work introduces
several new techniques, including creation of the
initial state by a generalization of adiabatic state
preparation and the use of effective field theory
to analyze spatial discretization errors.

In complexity theory, the efficiency of an al-
gorithm is judged by how its computational de-
mands scale with the problem size or some other
quantity associated with the problem’s intrinsic
difficulty. An algorithm with polynomial-time
asymptotic scaling is considered to be feasible,
whereas one with superpolynomial (typically, ex-
ponential) scaling is considered infeasible. This
classification has proved to be a useful guide in
practice.

Traditional calculations of quantum field
theory scattering amplitudes rely on perturba-

tion theory—namely, a series expansion in
powers of the coupling (the coefficient of the
interaction term), which is taken to be small.
A powerful and intuitive way of organizing
this perturbative expansion is through Feyn-
man diagrams, in which the number of loops
is associated with the power of the coupling.
A reasonable measure of the computational com-
plexity of perturbative calculations is therefore
the number of Feynman diagrams, which is de-
termined by combinatorics and grows factorial-
ly with the number of loops and the number of
external particles.

If the coupling constant is insufficiently
small, the perturbation series does not yield cor-
rect results. In f4 theory, for D = 2, 3 spacetime
dimensions, by increasing the coupling l0, one
eventually reaches a quantum phase transition at
some critical coupling lc (8–10). In the parameter
space near this phase transition, perturbative
methods become unreliable; this region is re-
ferred to as the strong-coupling regime. There
are then no known feasible classical methods
for calculating scattering amplitudes, although
lattice field theory can be used to obtain static
quantities such as mass ratios. Even at weak
coupling, the perturbation series is not conver-
gent, although it is asymptotic (11–13). Includ-
ing higher-order contributions beyond a certain
point makes the approximation worse. There is
thus a maximum possible precision achievable
perturbatively.

We simulate a process in which initially well-
separated massive particles with well-defined
momenta scatter off each other. The input to our
algorithm is a list of the momenta of the in-
coming particles, and the output is a list of the
momenta of the outgoing particles produced
by the physical scattering process. At relativistic
energies, the number of outgoing particles may
differ from the number of incoming particles.
In accordance with quantum mechanics, the in-
coming momenta do not uniquely determine
the outgoing momenta, but rather a probability
distribution over possible outcomes. Upon re-
peated runs, our quantum algorithm samples

from this distribution. The asymptotic scaling
of the algorithm is given in Eq. 9 and Table 1. The
simulated scattering processes closely match ex-
periments in particle accelerators, which are the
standard tools to probe quantum field-theoretical
effects.

The issue of gauge symmetries in quantum
simulation of lattice field theories has been
addressed in (14). There is an extensive literature
on analog simulation of interacting quantum field
theories using ultracold atoms (15–26), trapped
ions (27, 28), and Josephson-junction arrays (29).
Much work has also been done on analog sim-
ulation of special-relativistic quantum mechani-
cal effects such as zitterbewegung and the Klein
paradox, as well as general-relativistic quantum
effects such as Hawking radiation [for recent
reviews, see (30, 31)]. Our work, in contrast to
these studies, addresses digital quantum sim-
ulation, with explicit consideration of convergence
to the continuum limit and efficient preparation of
wave packet states for the computation of dy-
namical quantities such as scattering probabil-
ities. Our analysis includes error estimates of all
parts of our algorithm.

Representing fields with qubits. Although
quantum field theory is typically expressed in
terms of Lagrangians and within the interaction
picture, our algorithm is more naturally described
in the formalism of Hamiltonians and within
the Schrödinger picture. We start by defining a
lattice f4 theory and subsequently address con-
vergence to the continuum theory. (In D = 4,
the continuum limit is believed to be the free the-
ory. Nonetheless, because the coupling shrinks
only logarithmically, scattering processes for
particles with small momenta in lattice units
are interesting to compute.) Let W ! aZd

%L, that
is, an %L" :::" %L lattice in d = D ! 1 spatial
dimensions with periodic boundary conditions
and lattice spacing a. The number of lattice
sites is V ! %Ld . For each x " !, let f(x) be a
continuous, real degree of freedom—interpreted
as the field at x—and let p(x) be the correspond-
ing canonically conjugate variable. In canonical
quantization, these degrees of freedom are pro-
moted to Hermitian operators with the commu-
tation relation

#f(x), p(y)$ ! ia!ddx,y1 %1&

We use units with ! = c = 1. f4 theory on the
lattice ! is defined by the Hamiltonian

H ! #
x"W
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where $af denotes a discretized derivative (that
is, a finite-difference operator) and m0 is the
particle mass of the corresponding noninteract-
ing (l0 = 0) theory.
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1. INTRODUCTION 

On the program it says this is a keynote speech--and I don't  know 
what a keynote speech is. I do not intend in any way to suggest what should 
be in this meeting as a keynote of the subjects or anything like that. I have 
my own things to say and to talk about and there's no implication that 
anybody needs to talk about the same thing or anything like it. So what I 
want to talk about is what Mike Dertouzos suggested that nobody would 

computer with arbitrary interconnections throughout the entire thing. 
Now, what kind of physics are we going to imitate? First, I am going to 

describe the possibility of simulating physics in the classical approximation, 
a thing which is usuaUy described by local differential equations. But the 
physical world is quantum mechanical, and therefore the proper problem is 
the simulation of quantum physics--which is what I really want to talk 
about, but I'U come to that later. So what kind of simulation do I mean? 
There is, of course, a kind of approximate simulation in which you design 
numerical algorithms for differential equations, and then use the computer 
to compute these algorithms and get an approximate view of what ph2csics 
ought to do. That's an interesting subject, but is not what I want to talk 
about. I want to talk about the possibility that there is to be an exact 
simulation, that the computer will do exactly the same as nature. If this is to 
be proved and the type of computer is as I've already explained, then it's 

[Int J Theor Phys (1982)]
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D. Spontaneous symmetry-breaking

The �4-theory action

S =

Z
dx
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is manifestly invariant under the discrete transformation
� ! ��. A given state may or may not share this sym-
metry. Should the ground state of a QFT break a sym-
metry of the action for some set of parameters, the theory
is said to exhibit spontaneous symmetry-breaking. The
word “spontaneous” refers to the fact that there are then
multiple ground states (the number of ground states is
equal to the order of the symmetry), such that the ac-
tual ground state of the system, obtained for example by
cooling, makes a seemingly spontaneous “choice”.

Classically, the ground state lies at the minimum of a
potential function. The �4-theory action (6) contains the
classical e↵ective potential

V
e↵

=
µ2

0

2
�2 +

�

4!
�4,

which, for µ2

0

� 0, has a single minimum at � = 0,
leaving the symmetry � ! �� intact. However, with
µ2

0

< 0 there are two minima and hence two distinct
ground states at ±�

0,cl > 0 that break the symmetry, as
illustrated in Figure 2.

�

V

Figure 2. The classical e↵ective potential in �4-theory illus-
trated for µ2

0 � 0 (red) and µ2
0 < 0 (blue) showing the two

possible ground states for the latter case.

The symmetry-breaking persists in the quantized the-
ory in (1 + 1) dimensions, which possesses symmetric
and symmetry-broken phases distinguished by the vac-
uum (ground state) expectation value of the field oper-
ator h⌦|�|⌦i, henceforth abbreviated to h�i. Since the
bare mass parameter µ2

0

must diverge in the continuum
in order to renormalize the physical mass (see section
IB), the relevant parameter is not µ2

0

as in the classical
case, but the renormalized mass µ2

R, where we use the
definition

µ2

R = µ2

0

+ �µ2

1

,

with �µ2

1

being the one-loop correction defined in (4).
Note that µ2

R is distinct from the physical mass (µ2

R 6=
µ2

phys

) due to additional finite corrections. Since we are

not generally working under weak coupling conditions,
the usual perturbative calculation of the full mass shift,
and hence the physical mass, is not applicable, so that the
physical mass cannot be used as a parameter (although
it can be found numerically on the lattice).
When moving through parameter space (�, µ2

R), the
transition between the asymmetric ground-state phase
and the symmetric phase represents a second order quan-
tum phase transition [16] with order parameter h�i.
There therefore exist critical points in (�, µ2

R) at which
the theory becomes massless and scale-invariant (the
correlation-length ⇠ becomes infinite). A scale-invariant
theory should be described by dimensionless parameters,
yet the two parameters � and µ2

R have dimension [mass]2

in (1 + 1) dimensions. As such, the proper parameter
must be the ratio �/µ2

R. This means there is a line in
parameter-space corresponding to the critical theory.
The lattice theory also contains critical points, where

the critical parameter �/µ2

R,c = �̃/µ̃2

R,c now depends on
the lattice spacing a (which defines a momentum cut-o↵)
or, equivalently, on �̃, so that we may write �̃/µ̃2

R,c(�̃).
This dependency is expected to be logarithmic due to
infrared corrections in the critical theory [26] where the
physical mass goes to zero. Such a dependency has been
observed in Monte-Carlo simulations [21]. To obtain the
critical parameters of the continuum theory, we take the
limit of �̃/µ̃2

R,c(�̃) as �̃ ! 0.

Note that it is the lattice correlation length ⇠̃ = ⇠a�1

that goes to infinity at the critical points of the lattice
theory. For this reason, there are two possible interpre-
tations of the lattice critical point: Either as a lattice ap-
proximation a > 0 to the continuum critical point where
⇠ ! 1, or as a continuum limit a ! 0 of a non-critical
theory ⇠ < 1. Since we are interested in the critical
continuum theory, we will always use the former inter-
pretation.

In the vicinity of the critical point, physical quanti-
ties scale according to power laws (see [27] or section 13
of [1]). For the order-parameter h�i, in the symmetry-
broken phase where h�i 6= 0, we can thus expect

h�i = A(�̃)

"
�̃

µ̃2

R

� �̃

µ̃2

R,c

#�(˜�)

,

where A(�̃) is some constant and �(�̃) is the critical ex-
ponent. We also define the scaling for the energy (or
mass) of the lowest-lying excitation:

�E = B(�̃)

����� �̃

µ̃2

R

� �̃

µ̃2

R,c

�����
⌫(˜�)

.

The energy �E should correspond to the particle mass
µ
phys

(given by poles in the propagator) in the symmet-
ric phase, but may belong to a topologically non-trivial
soliton (kink) excitation in the symmetry-broken phase
(providing a localized transition � ! �� between two
di↵erent ground states at x ! ±1).

-model, say in 1+1�4

L =

�
dx(�µ�)2 � µ0�

2 � ��4

[From Milsted arXiv (2013)] 
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discretized in space (lattice)
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# qubits to encode the field 
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Efficient algorithm (digital): 
Running in polinommial time, i.e. polinommial 
number of gates

9|\� = |]�
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Trotter decomposition (efficient):

H =
X

l

Hl

iterative application of local gates
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wave packet creation (from free theory)

use trotter → make it unitary! (with ancilla)
“easy”
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Preparation
(from free theory)

Evolution within the 
interacting theory 
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Measurement
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method of phase estimation (40), that is, by sim-
ulating exp!iL−da†papt" for various values of t
and Fourier-transforming the results. Alterna-
tively, one can divide space into small regions
and measure the total energy and momentum
operators in each region using phase estimation.
This is a reasonable idealization of real detectors
and can yield information about bound-state
energies.

Discretization errors. Having described how
to simulate scattering processes in a discretized
quantum field theory, we now consider discret-
ization errors. To analyze these errors, we use
methods of effective field theory (EFT), a well-
developed formalism underlying our modern
understanding of quantum field theory.

In its regime of validity, typically below a
particular energy scale, an EFT reproduces the
behavior of the full (that is, fundamental) theory
under consideration: It can be regarded as the
low-energy limit of that theory. An EFT for a full
theory is thus somewhat analogous to a Taylor
series for a function. It involves an expansion in
some suitable small parameter, so that, although
it consists of infinitely many terms, higher-order
terms are increasingly suppressed. Thus, the se-
ries can be truncated, with corresponding finite
and controllable errors.

We apply this framework to analyze the effect
of discretizing the spatial dimensions of the
continuum f4 quantum field theory. The dis-
cretized Lagrangian can be thought of as the
leading contribution (denoted byL(0)) to an EFT.
From the leading operators left out, we can thus
infer the scaling of the error associated with a
nonzero lattice spacing a.

The full (untruncated) effective Lagrangian
will have every coupling respecting the f ! −f
symmetry and so will take the form

Leff # L!0" $ c
6!
f6 $ c!f3∂2f $ c! !

8!
f8 $⋯

(7)

This can be simplified. First, the chain rule
and integration by parts can be used to write
any operator with two derivatives acting on
different fields in the form fn∂2f. For exam-
ple, f2∂mf∂mf = (1/3)∂m(f3)∂mf ! −(1/3)f3∂2f.
Such an operator can then be simplified via the
equation of motion (41, 42). If this were the
equation of motion of the continuum theory, any
derivative operator would then be completely
eliminated. In the discretized theory, however,
the equation of motion is modified and there
are residual, Lorentz-violating operators. In fact,
because the difference operators in the dis-
cretized theory are only approximately equal to
the derivatives in the continuum theory, the sim-
plest Lorentz-violating operators are induced
purely by discretization.

In units where ! = c = 1, all quantities have
units of some power of mass. The mass di-
mensions (denoted by square brackets) of the

field and coupling in D = d + 1 spacetime
dimensions are [f] = (D − 2)/2 and [l] = 4 − D,
implying that

%c& # 6 − 2D, %c & # 8 − 3D !8"

InD = 4 dimensions, [c] = −2 and [c´´] = −4, and
the only pertinent dimensionful parameter is
the lattice spacing; therefore, c ~ a2 and c´´ ~
a4. Thus, of the operators not included in the
Lagrangian L(0), f6 is more significant than f2n,
for n > 3.

InD = 2, 3, the scaling of the coefficients with
a is somewhat less obvious, because now the
coupling l provides another dimensionful pa-
rameter. To obtain the scaling of c, one should
consider the Feynman diagram that generates the
corresponding operator. This involves three f4

vertices, so

(Other diagrams involve higher powers of l;
hence their contributions to the operator are
suppressed by higher powers of a.) Likewise,
the coefficient of f8 will scale as l4a8−D, which
means that it is suppressed by a2 relative to the
coefficient of f6.

The EFT thus consists of three different
classes of operators: operators of the form f2n,
Lorentz-violating operators arising solely from
discretization effects, and Lorentz-violating oper-
ators resulting from discretization and quantum
effects. These are shown with the scaling of their
coefficients in Table 2, which reveals that the
dominant discretization errors scale as a2 in D =
2, 3, 4. (InD = 2, 3, errors of type II dominate. In
D = 4, errors of types I and II each scale as a2.)

At strong coupling, the operators and their
scaling remain the same at the scale of the
matching of the full theory onto the EFT, al-
though the explicit coefficients are no longer

calculable. However, the running of the coef-
ficients down to lower energies is determined by
their so-called anomalous dimensions, which
depend on the coupling strength. These anoma-
lous dimensions modify the scaling; at weak
coupling the modification is small, but at strong
coupling it could be larger. (Still, the scaling will
remain polynomial.)

Concluding remarks. The most computation-
ally costly part of the algorithm is either adiabatic
state preparation or preparation of the free
vacuum, depending on the asymptotic scaling
considered and the number of spatial dimensions
(33). Because a ~ e1/2, preparation of the free
vacuum has complexity ~ V 2.376 ~ a−2.376d ~
e2.376d/2. The number of gates, Gweak, needed to
simulate weakly coupled, (d + 1)-dimensional f4

theory with accuracy Te scales as follows:

Gweak e

1
e

! "1:5$o!1"
, d # 1

1
e

! "2:376$o!1"
, d # 2

1
e

! "5:5$o!1"
, d # 3

8
>>>>>>><

>>>>>>>:

!9"

The notation f (n) = o(g(n)) means limn!∞ f (n)/
g(n) = 0. The asymptotic scaling of the number
of gates used to simulate the strongly coupled
theory is summarized in Table 1. The minimum
number of (perfect) qubits required for a nontri-
vial simulation inD = 2 is estimated—necessarily
crudely—to be on the order of 1000 to 10,000,
corresponding to e ranging from 10% to 1% (33).

We have shown that quantum computers can
efficiently calculate scattering probabilities in f4

theory to arbitrary precision at both weak and
strong coupling. Known classical algorithms take
exponential time to do this in the strong-coupling
and high-precision regimes. In addition to es-
tablishing a new exponential quantum speedup,
our results lead the way toward a quantum
algorithm for simulating the Standard Model of
particle physics, which has new features (not
exhibited by f4 theory) such as chiral fermions
and gauge interactions. Such an algorithm would
establish that, except for quantum-gravity effects,
the standard quantum circuit model suffices to
capture completely the computational power of
our universe.

!3a 6!D

Table 2. Effective field theory operators fall
into three classes. The general operator in
each class is shown, with the canonical scaling
of its coefficient in D spacetime dimensions.
!2l

x = "d
i#1!2li .

Class Operators Scaling of coupling

I f2n (n # 3) lna2n$D

II f!x2lf (l # 2) a2l$2

III f2j$1!2lx f ( j # 1, l # 2) lj+1a2j+2l+2$D

Table 1. The asymptotic scaling of the number of
quantum gates needed to simulate scattering in
the strong-coupling regime in d = 1, 2 spatial
dimensions is polynomial in p (the momentum of
the incoming pair of particles), lc $ l0 (the dis-
tance from the phase transition), and nout (the
maximum kinematically allowed number of out-
going particles). The notation f (n) = Õ(g(n))means
f(n) = O(g(n) logc(n)) for some constant c.

lc ! l0 p nout

d = 1

!
1

lc $l0

"9$o!1"

p4+o(1) Õ!n5out"

d = 2

!
1

lc $ l0

"6:3$o!1"

p6+o(1) Õ!n7:128out "

´´
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method of phase estimation (40), that is, by sim-
ulating exp!iL−da†papt" for various values of t
and Fourier-transforming the results. Alterna-
tively, one can divide space into small regions
and measure the total energy and momentum
operators in each region using phase estimation.
This is a reasonable idealization of real detectors
and can yield information about bound-state
energies.

Discretization errors. Having described how
to simulate scattering processes in a discretized
quantum field theory, we now consider discret-
ization errors. To analyze these errors, we use
methods of effective field theory (EFT), a well-
developed formalism underlying our modern
understanding of quantum field theory.

In its regime of validity, typically below a
particular energy scale, an EFT reproduces the
behavior of the full (that is, fundamental) theory
under consideration: It can be regarded as the
low-energy limit of that theory. An EFT for a full
theory is thus somewhat analogous to a Taylor
series for a function. It involves an expansion in
some suitable small parameter, so that, although
it consists of infinitely many terms, higher-order
terms are increasingly suppressed. Thus, the se-
ries can be truncated, with corresponding finite
and controllable errors.

We apply this framework to analyze the effect
of discretizing the spatial dimensions of the
continuum f4 quantum field theory. The dis-
cretized Lagrangian can be thought of as the
leading contribution (denoted byL(0)) to an EFT.
From the leading operators left out, we can thus
infer the scaling of the error associated with a
nonzero lattice spacing a.

The full (untruncated) effective Lagrangian
will have every coupling respecting the f ! −f
symmetry and so will take the form

Leff # L!0" $ c
6!
f6 $ c!f3∂2f $ c! !

8!
f8 $⋯

(7)

This can be simplified. First, the chain rule
and integration by parts can be used to write
any operator with two derivatives acting on
different fields in the form fn∂2f. For exam-
ple, f2∂mf∂mf = (1/3)∂m(f3)∂mf ! −(1/3)f3∂2f.
Such an operator can then be simplified via the
equation of motion (41, 42). If this were the
equation of motion of the continuum theory, any
derivative operator would then be completely
eliminated. In the discretized theory, however,
the equation of motion is modified and there
are residual, Lorentz-violating operators. In fact,
because the difference operators in the dis-
cretized theory are only approximately equal to
the derivatives in the continuum theory, the sim-
plest Lorentz-violating operators are induced
purely by discretization.

In units where ! = c = 1, all quantities have
units of some power of mass. The mass di-
mensions (denoted by square brackets) of the

field and coupling in D = d + 1 spacetime
dimensions are [f] = (D − 2)/2 and [l] = 4 − D,
implying that

%c& # 6 − 2D, %c & # 8 − 3D !8"

InD = 4 dimensions, [c] = −2 and [c´´] = −4, and
the only pertinent dimensionful parameter is
the lattice spacing; therefore, c ~ a2 and c´´ ~
a4. Thus, of the operators not included in the
Lagrangian L(0), f6 is more significant than f2n,
for n > 3.

InD = 2, 3, the scaling of the coefficients with
a is somewhat less obvious, because now the
coupling l provides another dimensionful pa-
rameter. To obtain the scaling of c, one should
consider the Feynman diagram that generates the
corresponding operator. This involves three f4

vertices, so

(Other diagrams involve higher powers of l;
hence their contributions to the operator are
suppressed by higher powers of a.) Likewise,
the coefficient of f8 will scale as l4a8−D, which
means that it is suppressed by a2 relative to the
coefficient of f6.

The EFT thus consists of three different
classes of operators: operators of the form f2n,
Lorentz-violating operators arising solely from
discretization effects, and Lorentz-violating oper-
ators resulting from discretization and quantum
effects. These are shown with the scaling of their
coefficients in Table 2, which reveals that the
dominant discretization errors scale as a2 in D =
2, 3, 4. (InD = 2, 3, errors of type II dominate. In
D = 4, errors of types I and II each scale as a2.)

At strong coupling, the operators and their
scaling remain the same at the scale of the
matching of the full theory onto the EFT, al-
though the explicit coefficients are no longer

calculable. However, the running of the coef-
ficients down to lower energies is determined by
their so-called anomalous dimensions, which
depend on the coupling strength. These anoma-
lous dimensions modify the scaling; at weak
coupling the modification is small, but at strong
coupling it could be larger. (Still, the scaling will
remain polynomial.)

Concluding remarks. The most computation-
ally costly part of the algorithm is either adiabatic
state preparation or preparation of the free
vacuum, depending on the asymptotic scaling
considered and the number of spatial dimensions
(33). Because a ~ e1/2, preparation of the free
vacuum has complexity ~ V 2.376 ~ a−2.376d ~
e2.376d/2. The number of gates, Gweak, needed to
simulate weakly coupled, (d + 1)-dimensional f4

theory with accuracy Te scales as follows:

Gweak e

1
e

! "1:5$o!1"
, d # 1

1
e

! "2:376$o!1"
, d # 2

1
e

! "5:5$o!1"
, d # 3

8
>>>>>>><

>>>>>>>:

!9"

The notation f (n) = o(g(n)) means limn!∞ f (n)/
g(n) = 0. The asymptotic scaling of the number
of gates used to simulate the strongly coupled
theory is summarized in Table 1. The minimum
number of (perfect) qubits required for a nontri-
vial simulation inD = 2 is estimated—necessarily
crudely—to be on the order of 1000 to 10,000,
corresponding to e ranging from 10% to 1% (33).

We have shown that quantum computers can
efficiently calculate scattering probabilities in f4

theory to arbitrary precision at both weak and
strong coupling. Known classical algorithms take
exponential time to do this in the strong-coupling
and high-precision regimes. In addition to es-
tablishing a new exponential quantum speedup,
our results lead the way toward a quantum
algorithm for simulating the Standard Model of
particle physics, which has new features (not
exhibited by f4 theory) such as chiral fermions
and gauge interactions. Such an algorithm would
establish that, except for quantum-gravity effects,
the standard quantum circuit model suffices to
capture completely the computational power of
our universe.

!3a 6!D

Table 2. Effective field theory operators fall
into three classes. The general operator in
each class is shown, with the canonical scaling
of its coefficient in D spacetime dimensions.
!2l

x = "d
i#1!2li .

Class Operators Scaling of coupling

I f2n (n # 3) lna2n$D

II f!x2lf (l # 2) a2l$2

III f2j$1!2lx f ( j # 1, l # 2) lj+1a2j+2l+2$D

Table 1. The asymptotic scaling of the number of
quantum gates needed to simulate scattering in
the strong-coupling regime in d = 1, 2 spatial
dimensions is polynomial in p (the momentum of
the incoming pair of particles), lc $ l0 (the dis-
tance from the phase transition), and nout (the
maximum kinematically allowed number of out-
going particles). The notation f (n) = Õ(g(n))means
f(n) = O(g(n) logc(n)) for some constant c.

lc ! l0 p nout

d = 1

!
1

lc $l0

"9$o!1"

p4+o(1) Õ!n5out"

d = 2

!
1

lc $ l0

"6:3$o!1"

p6+o(1) Õ!n7:128out "
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B. Results and analysis

1. Estimates of the continuum critical parameter

Figure 16 shows estimates for the critical parameter
�̃/µ̃2

R,c(�̃) taken from sweep plots of h�i and of the lowest-

lying excitation energy �Ẽ, approaching the continuum
limit �̃ ! 0.

0 1 2 3 4 5 6 7

�̃

64.4
64.6
64.8
65.0
65.2
65.4
65.6
65.8
66.0
66.2

�̃
/
µ̃
2 R
,c

�Ẽ
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Figure 16. Approximate values for the lattice critical param-
eter �̃/µ̃2

R,c(�̃) (top) and the h�i critical exponent �(�̃) (bot-
tom) obtained from linear fits to the lowest-lying excitation
energies �Ẽ and from power-law fits to the order-parameter
h�i for values of �̃ approaching the continuum limit �̃ ! 0.
The line in (a) corresponds to the fourth fit of Table I.

The two sets of values show good agreement, with the
largest discrepancy occurring for �̃ = 6, where we found
high-D limits of h�i particularly close to the critical point
without resorting to very high bond-dimensions. Exclud-
ing the points of lowest h�i from the fit pushes the fitted
value of �̃/µ̃2

R,c upwards, closer to the �Ẽ value, lead-
ing us to speculate that the excluded h�i values were not
accurate enough, possibly due to insu�cient convergence
of the uMPS ground state. We are inclined to trust the
results obtained from the �Ẽ data over those from fits
to h�i, in particular due to the relative robustness of the
linear regression fit to errors made near the critical point.

As expected (see section ID), non-linear behaviour of
�̃/µ̃2

R,c(�̃) is present. Given that the exact behaviour is
unknown, but is predicted to be logarithmic, we follow
[21] and fit a series of functions, evaluating the �2 statis-

h�i �

˜E

Fit function fc �2/dof fc �2/dof

fc + c1˜� 65.10(18) 9 ⇥ 10

3
65.22(24) 676

fc + c1˜� + c2˜�
2

65.61(16) 3 ⇥ 10

3
65.79(17) 186

fc + c1˜� + c2˜� ln

˜� 66.01(11) 771 66.19(11) 44.8

fc + c1˜� + c2˜� ln

˜� + c3˜�
2

66.30(2) 19.7 66.46(5) 4.67

fc + c1˜� + c2˜� ln

˜� + c3˜�
2
ln

˜� 66.26(3) 24.8 66.42(5) 6.22

Table I. Fits, for lattice-spacings approaching zero, of the
lattice critical parameter �̃/µ̃2

R,c(�̃) obtained from power-law
fits to uMPS ground-state h�i-values and from linear ex-
trapolation of lowest-level excitation energies �Ẽ (all in the
symmetry-broken phase). fc ⌘ �/µ2

R,c is the extrapolated
continuum critical parameter. We limit the h�i data fitted to
obtain each �̃/µ̃2

R,c to a few points close to the critical point
with h�i  0.59. The fitted data is plotted in Figure 16.
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Figure 17. Position in �̃/µ̃2
R of the apparent phase-transition

obtained from the mean-field results for h�i (green) and the
lowest-lying excitation energy �Ẽ (red) compared to the crit-
ical parameters �̃/µ̃2

R,c(�̃) obtained from the uMPS �Ẽ data
(blue).

tic to judge which can be reasonably used to predict a
continuum value �/µ2

R,c. The results of the fits are listed
in Table I, where we define our final estimates for �/µ2

R,c

to be the fitted values with reduced �2 statistic �2/dof
closest to one.

We find that the critical exponent �(�̃) obtained only
from fits to h�i agrees poorly with the predicted trans-
verse Ising value of 0.125, the fitted values near the con-
tinuum limit being significantly higher, as shown in Fig-
ure 16. This we attribute to insu�cient data near to the
lattice critical points, noting that the e↵ect of excluding
the points of lowest h�i is to increase the fitted value of
�(�̃) further. Using the �̃/µ̃2

R,c(�̃) values taken from the

�Ẽ data together with the h�i data, we obtain a second
estimate of �(�̃) that, in the continuum limit �̃ ! 0,
shows a much clearer trend towards the Ising value, in
support of the greater reliability of the �Ẽ-based esti-
mates of the critical parameter.

In 1+1 classical simulations do 
the job. 


