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     Architectural topology is the mutation of form, structure, context, and program 
into interwoven patterns and complex dynamics … topological ‘space’ differs from 
Cartesian space in that it imbricates temporal events-within form. Space then, is no 
longer a vacuum within which subjects and objects are contained, space is instead 
transformed into an interconnected, dense web of particularities and singularities 
better understood as substance or filled space (Stephen Perrela, U. Columbia, NY).

     Topology in architecture, involves measure and/or procedure of transformation 
of elements from one building to another (Scott Cohen, U. Harvard, MA).

Arquitectura Topológica



Raybould House 
and Garden

Guggenheim Building 
(Bilbao)



No tomarás el nombre topológico en vano



The Nobel Prize in Physics 2016 was divided, one half 
awarded to David J. Thouless, the other half jointly to F. 
Duncan M. Haldane and J. Michael Kosterlitz "for 
theoretical discoveries of topological phase transitions and 
topological phases of matter"



Leonard Euler

Problema de los 
puentes de 
Könisberg



Teorema de Euler

C - A + V = 2 Característica 
de Euler
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MATERIA TOPOLÓGICA

    Fases de la materia con parámetro de orden topológico
    Efecto Hall Cuántico

  Efecto Hall Cuántico Anómalo. Corrientes de borde
  Efecto Hall Cuántico de Spin
  Aislantes Topológicos
  Fermiones de Majorana
  Código Tórico de Kitaev
  Semimetales Topológicos. Fermiones de Weyl.  
  Arcos de Fermi
  Semimetales con puntos nodales
  Estabilidad por la robustez que proporciona topología



Berezinskii-Kosterlitz-Thouless phase transition

Coleman-Mermin-Wagner theorem:
        No hay ruptura de simetría continua en 2D

         Goldstone theorem:
        Por cada simetría continua rota aparecen    
        fluctuaciones de un boson sin masa próximas al 
        vacío (no mass gap). Pero bosones libres sin 
        masa no existen en 2D.

�0|φ(x)φ(y)|0� = − 1

2π
log

|x− y|
a



        La no existencia ruptura de simetrías continuas   
        no implica la ausencia se transiciones de fase en 
        sistemas con simetrias continuas en 2D

�0|Φ(x)Φ(y)|0� = a2π

|x− y|2π

Modelo sigma no lineal O(2)

Φ(x) = eiφ(x)

spin wave approximation, ....

Berezinskii-Kosterlitz-Thouless phase transition



Haldane gap and Haldane map

        Heisenberg spin chain

H = −J

N�

n=0

Sn · Sn+1

s = 1
2

s = 1

Critical:   no mass gap

Non-critical:   mass gap



        Haldane conjecture is based on Haldane map

     Haldane map maps Heisenberg spin chain into     
     an O(3) sigma model 
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TKKN and Integer Quantum Hall effect





0                                      1 - π                                    π  

0

  
1

- π

 π  

Real Space Brillouin Zone

Kramers points



Hall Effect in 2D Torus T
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Hall Effect in 2D Torus T

e

2!

!

T
F = k ! Z k = eB/2!

Ground State Eigenfunctions (degeneracy: |k|) :
Holomorphic sections of E(T 2,C)
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Torus Sphere S2 



TKKN and the Bloch bundle

The states with energies below the Fermi level
define a vector bundle over the Brillouin zone torus.

In this bundle there are gauge fields defined by the 
Berry phases of the different states
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TKKN and the Bloch bundle

First Chern class of Bloch bundle

C1 = − i

4π

ν�
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TKKN formula:
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Quantization of Hall conductivity



Band structure

Periodic perturbation:

H !!
= H !

+ V0 sin k !1 sin k !2



Hall effect with boundaries



Hall effect with boundaries

!



Finite size effects



Because electrons travel always in the same direction, they are forced to avoid impurities

(Figure 1, bottom left, green dot), and thus cannot backscatter.

By contrast, the QSH state can be roughly understood as two copies of the QH state, with

one copy for each spin. The edge state structure of the QSH state (Figure 1, bottom right) can
thus be described pictorially by superposing two copies of QH edge states (Figure 1, bottom
left), with opposite chirality for each spin. Compared with a spinful one-dimensional system

(Figure 1, top right), the top edge of a QSH system contains only half the degrees of freedom.

The resulting edge states are termed helical, because spin is correlated with the direction of

propagation. This new pattern of spatial separation can be illustrated by the symbolic equation

4 ! 2"2 where each 2 corresponds to a different helicity. Although electrons are now allowed

to travel both forward and backward on the same edge, there is a new “traffic rule” that

suppresses backscattering: To backscatter, an electron needs to flip its spin, which requires the
breaking of TR symmetry. If TR symmetry is preserved, as is the case for nonmagnetic impuri-

ties, no backscattering is allowed (a more detailed discussion of the stability of the QSH edge

states and the importance of Kramers’s theorem is given in Section 5).

What is the mechanism that allows this spatial separation? In the case of the QH effect, the

separation is achieved by an external magnetic field, and in the case of the QAH effect, some

internal field breaks TR symmetry. This internal field takes the form of a relativistic mass term

for emergent Dirac fermions in 2"1 dimensions, with the sign of the internal field (and hence

the chirality of the QAH edge states) dictated by the sign of the mass. In the case of the
QSH effect, the separation is achieved through the TR invariant spin-orbit coupling—which is

why the QSH insulator can be thought of as an extreme case of the SH insulator discussed

previously.

Because the QSH state is characterized by a bulk insulating gap and gapless boundary states

robust to disorder (in the presence of TR symmetry), the QSH state is indeed a new topological

Spinless 1D chain

QH QSH

2 = 1+1 4 = 2+2

Spinful 1D chain

Impurity

Figure 1

Chiral versus helical: Spatial separation is at the heart of both the quantum Hall (QH) and quantum spin
Hall (QSH) effects. A spinless one-dimensional (1D) system (top left) has both right-moving and left-
moving degrees of freedom. Those two basic degrees of freedom are spatially separated in a QH system
(bottom left), as illustrated by the symbolic equation 2 ! 1"1. The upper edge has only a right-mover and
the lower edge a left-mover. These chiral edge states are robust to disorder: They can go around an impurity
(green dot) without backscattering. By contrast, a spinful 1D system (top right) has twice as many degrees of
freedom as the spinless system owing to the twofold spin degeneracy. Those four degrees of freedom are
separated in a time-reversal (TR) invariant way in a QSH system (bottom right). The top edge has a right-
mover with spin up (red dot) and a left-mover with spin down (blue cross), and conversely for the lower
edge. That separation is illustrated by the symbolic equation 4! 2"2. These helical edge states are robust to
nonmagnetic disorder, i.e., impurities that preserve the TR symmetry of the QSH state.
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Edge states and bands structure



Boundary Insulators

Boundary interactions !Anderson localization



Edge states and Anomalous QH effect

Chern-class on the cylinder is not any more an 
integer but the quantization of the Hall 
conductivity can be associated to the number of 
edge states around the Fermi level which again is
an integer quantum number which only depends 
on the number of ocuppied Landau levels 

Edge states are chiral, due to the TR violation 
introduced by the magnetic field

Can edge states survive without magnetic field?



Haldane model and Anomalous QH effect

MASTANI School, Pune, India, July 10 2014 

Proof of principle: QAH insulators 



Haldane model and Anomalous QH effect

VOLUME 61, NUMBER 18 PHYSICAL REVIEW LETTERS 31 OCTOBER 1988

geometrical constant of order unity, and g is the Lande g
factor for the electrons.

While the particular model presented here is unlikely
to be directly physically realizable, it indicates that, at
least in principle, the QHE can be placed in the wider
context of phenomena associated with broken time-
reversal invariance, and does not necessarily require
external magnetic fields, but could occur as a conse-
quence of magnetic ordering in a quasi-two-dimensional
system.

This requirement is not fulfilled by the physical system
(a domain wall in a PbTe-type semiconductor) in which
Fradkin, Dagotto, and Boyanovsky (FDB) have recent-
ly proposed related effects may be realized. In this mod-
el, spin-orbit coupling is supposed to give rise to the
effect, but this does not break time-reversal symmetry.
In fact, in "simplifying" the p bands of the Hamiltonian
that describes PbTe, FDB introduce an unphysical
effective spin-dependent hopping term that is odd under
time reversal, and thus break the time-reversal invari-
ance of the original physically motivated model. This,
rather than any topological character of the domain wall,
is the reason that FDB find the "parity anomaly" at the

end of their calculation.
I thank E. Fradkin and T. A. L. Ziman for very useful

discussions. The author would like to thank the Alfred
P. Sloan Foundation for financial support.
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∆ = t2 sinφ = 0



Because electrons travel always in the same direction, they are forced to avoid impurities

(Figure 1, bottom left, green dot), and thus cannot backscatter.

By contrast, the QSH state can be roughly understood as two copies of the QH state, with

one copy for each spin. The edge state structure of the QSH state (Figure 1, bottom right) can
thus be described pictorially by superposing two copies of QH edge states (Figure 1, bottom
left), with opposite chirality for each spin. Compared with a spinful one-dimensional system

(Figure 1, top right), the top edge of a QSH system contains only half the degrees of freedom.

The resulting edge states are termed helical, because spin is correlated with the direction of

propagation. This new pattern of spatial separation can be illustrated by the symbolic equation

4 ! 2"2 where each 2 corresponds to a different helicity. Although electrons are now allowed

to travel both forward and backward on the same edge, there is a new “traffic rule” that

suppresses backscattering: To backscatter, an electron needs to flip its spin, which requires the
breaking of TR symmetry. If TR symmetry is preserved, as is the case for nonmagnetic impuri-

ties, no backscattering is allowed (a more detailed discussion of the stability of the QSH edge

states and the importance of Kramers’s theorem is given in Section 5).

What is the mechanism that allows this spatial separation? In the case of the QH effect, the

separation is achieved by an external magnetic field, and in the case of the QAH effect, some

internal field breaks TR symmetry. This internal field takes the form of a relativistic mass term

for emergent Dirac fermions in 2"1 dimensions, with the sign of the internal field (and hence

the chirality of the QAH edge states) dictated by the sign of the mass. In the case of the
QSH effect, the separation is achieved through the TR invariant spin-orbit coupling—which is

why the QSH insulator can be thought of as an extreme case of the SH insulator discussed

previously.

Because the QSH state is characterized by a bulk insulating gap and gapless boundary states

robust to disorder (in the presence of TR symmetry), the QSH state is indeed a new topological

Spinless 1D chain

QH QSH

2 = 1+1 4 = 2+2

Spinful 1D chain

Impurity

Figure 1

Chiral versus helical: Spatial separation is at the heart of both the quantum Hall (QH) and quantum spin
Hall (QSH) effects. A spinless one-dimensional (1D) system (top left) has both right-moving and left-
moving degrees of freedom. Those two basic degrees of freedom are spatially separated in a QH system
(bottom left), as illustrated by the symbolic equation 2 ! 1"1. The upper edge has only a right-mover and
the lower edge a left-mover. These chiral edge states are robust to disorder: They can go around an impurity
(green dot) without backscattering. By contrast, a spinful 1D system (top right) has twice as many degrees of
freedom as the spinless system owing to the twofold spin degeneracy. Those four degrees of freedom are
separated in a time-reversal (TR) invariant way in a QSH system (bottom right). The top edge has a right-
mover with spin up (red dot) and a left-mover with spin down (blue cross), and conversely for the lower
edge. That separation is illustrated by the symbolic equation 4! 2"2. These helical edge states are robust to
nonmagnetic disorder, i.e., impurities that preserve the TR symmetry of the QSH state.
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Edge states in Haldane model



MASTANI School, Pune, India, July 10 2014 

2D Z2 topological insulator (QSH) 

k 

Z2 insulator 

(conserved TR) 

QSH = Quantum spin Hall 

Quantum Spin Hall

Two copies of Haldane model 

Because electrons travel always in the same direction, they are forced to avoid impurities

(Figure 1, bottom left, green dot), and thus cannot backscatter.

By contrast, the QSH state can be roughly understood as two copies of the QH state, with

one copy for each spin. The edge state structure of the QSH state (Figure 1, bottom right) can
thus be described pictorially by superposing two copies of QH edge states (Figure 1, bottom
left), with opposite chirality for each spin. Compared with a spinful one-dimensional system

(Figure 1, top right), the top edge of a QSH system contains only half the degrees of freedom.

The resulting edge states are termed helical, because spin is correlated with the direction of

propagation. This new pattern of spatial separation can be illustrated by the symbolic equation

4 ! 2"2 where each 2 corresponds to a different helicity. Although electrons are now allowed

to travel both forward and backward on the same edge, there is a new “traffic rule” that

suppresses backscattering: To backscatter, an electron needs to flip its spin, which requires the
breaking of TR symmetry. If TR symmetry is preserved, as is the case for nonmagnetic impuri-

ties, no backscattering is allowed (a more detailed discussion of the stability of the QSH edge

states and the importance of Kramers’s theorem is given in Section 5).

What is the mechanism that allows this spatial separation? In the case of the QH effect, the

separation is achieved by an external magnetic field, and in the case of the QAH effect, some

internal field breaks TR symmetry. This internal field takes the form of a relativistic mass term

for emergent Dirac fermions in 2"1 dimensions, with the sign of the internal field (and hence

the chirality of the QAH edge states) dictated by the sign of the mass. In the case of the
QSH effect, the separation is achieved through the TR invariant spin-orbit coupling—which is

why the QSH insulator can be thought of as an extreme case of the SH insulator discussed

previously.

Because the QSH state is characterized by a bulk insulating gap and gapless boundary states

robust to disorder (in the presence of TR symmetry), the QSH state is indeed a new topological

Spinless 1D chain

QH QSH

2 = 1+1 4 = 2+2

Spinful 1D chain

Impurity

Figure 1

Chiral versus helical: Spatial separation is at the heart of both the quantum Hall (QH) and quantum spin
Hall (QSH) effects. A spinless one-dimensional (1D) system (top left) has both right-moving and left-
moving degrees of freedom. Those two basic degrees of freedom are spatially separated in a QH system
(bottom left), as illustrated by the symbolic equation 2 ! 1"1. The upper edge has only a right-mover and
the lower edge a left-mover. These chiral edge states are robust to disorder: They can go around an impurity
(green dot) without backscattering. By contrast, a spinful 1D system (top right) has twice as many degrees of
freedom as the spinless system owing to the twofold spin degeneracy. Those four degrees of freedom are
separated in a time-reversal (TR) invariant way in a QSH system (bottom right). The top edge has a right-
mover with spin up (red dot) and a left-mover with spin down (blue cross), and conversely for the lower
edge. That separation is illustrated by the symbolic equation 4! 2"2. These helical edge states are robust to
nonmagnetic disorder, i.e., impurities that preserve the TR symmetry of the QSH state.
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φ = ±π

2
S = ±1

2



Topological Insulators

   Normal Insulators                         Topological Insulators
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 !/a 

Edge states: 2D TR-invariant insulator 

k 

Z2 = Ncross (mod 2) = Invariant  

0 !/a 

Kane-Mele Z2 index



Z2 Index

Time reversal matrix

wmn(k) =< um(k)|!|un(!k) > |un(k) > filled states

wmn(k) = !wnm(!k)

For TR invariant ka the matrix w(ka) is antisymmetric
Z2 invariant " is defined by

(!1)! =
!

a

Pf (w(ka))

det w(ka)
= ±1





3D Topological Insulators

Four  Z2 indices

ν0 ν1 ν2 ν3

ν0 = 1
4π

�
�ijk

�
Aa

i ∂jAa
k + 2

3fabcA
a
iAb

jAc
k

�

Weak topological insulators 

Weak topological insulators 

ν0 = 2n

ν0 = 2n+ 1

Non-trivial TR Bloch bundle



Topological Insulators



Weyl semimetals (2015)



2

Helicoid Riemann surface state

Double-helicoid Riemann surface state

Dirac points
(Z

2
 monopoles)

Fermi arcs

Degeneracy line

q
x

E
q
y

Weyl points
(Berry charges)

q
x

E
q
y

X D

M

-D

D

(a) (b)

(c) (d)

FIG. 1. (a) The surface dispersion near the projection of a
Weyl point with Chern number +1, where the red solid cones
are the projection of the bulk states and the helicoid sheet
represents the surface states. This is also the Riemann sur-
face of Im[log(q)]. (b) The surface dispersion near the projec-
tions of a pair of Weyl points with opposite Chern numbers,
where the red and the blue cones represent the bulk states pro-
jection, and the green contour is an iso-energy contour also
known as a Fermi arc. This is also the Riamann surface of
Im[log q−k1

q−k2
]. (c) The surface dispersion of the nonsymmor-

phic Dirac semimetal near the Dirac point, where the gray
cones represent the projection of bulk states. This is also the
Riemann surface of the function given in Eq.(4) in the text.
(d) The surface dispersion near two nonsymmorphic Dirac
points, with iso-energy contours of two Fermi arcs.

Fig.1(a).
The winding of the energy dispersion along any loop

enclosing the Weyl point is the same as the winding of the
phase of a holomorphic function along any loop enclosing
a simple (linear order) zero. Near a simple zero, a general
holomorphic function takes the form f(z) = z − z0 +
O[(z− z0)2] up to an overall factor. As z goes around z0

counterclockwise (clockwise), the phase of f(z) increases
(decreases) by 2π. Therefore, the phase of f(z) near
z0, or the imaginary part of log[f(z)], is topologically
equivalent to the dispersion of the surface states near the
projection of a positive Weyl point. Similarly, one can
show that the phase of a holomorphic function near a
simple pole is equivalent to the energy dispersion near
the projection of a negative Weyl point. This topological
equivalence can be expressed as

E(q�) ∼ Im[log(q±1)], (1)

where q� is the surface momentum relative to the Weyl
point projection and q = qa + iqb, and ±1 corresponds
to Weyl point of positive and negative monopole charge.
There is one caveat in understanding Eq.(1): while the
function on the right-hand-side ranges from negative to
positive infinity, the energy of the surface bands always
merge into the bulk. This infinite winding of the sur-
face dispersion implies that the theory cannot be made
ultraviolet-complete in 2D, but is only consistent for the
surface states of some topologically nontrivial 3D bulk: a
demonstration of the bulk-edge correspondence principle
in Weyl semimetals.
In complex analysis, the plot of the real or the imagi-

nary part of a multi-valued holomorphic (meromorphic)
function is called a Riemann surface, which is a surface-
like configuration that covers the complex plane a finite
(compact) or infinite (noncompact) number of times[51].
Eq.(1) establishes the topological equivalence between
the surface dispersion of a Weyl semimetal and a non-
compact Riemann surface. Both share the following char-
acteristic feature: There is no equal energy (equal height)
contour that is both closed and encloses the projection of
the Weyl point, a feature that directly leads to the phe-
nomenon of “Fermi arcs”. This topological equivalence
can be extended to the case of multiple Weyl points.
If there are two Weyl points’ projections at (k1a, k1b)
and (k2a, k2b), then the corresponding function is sim-
ply log[(q − k1)(q − k2)−1], where ki = kia + ikib, whose
imaginary part is plotted in Fig.1(b). Cutting the dis-
persion at any energy, the iso-energy contour is an arc
connecting k1 and k2.
Double-helicoid Riemann surface state pro-

tected by one glide reflection symmetry in a Dirac
semimetal A Dirac point can be considered as the
superposition of two Weyl points with opposite Chern
numbers[14, 15], the same way the 3D massless Dirac
equations decouple into two sets of Weyl equations[52].
The surface states near the projection of a Dirac point
is hence a superposition of a helicoid and an anti-
helicoid Riemann surface as shown in Fig.1(c), which
cross each other along certain lines, and may have two
Fermi arcs[15, 16, 45]. Yet, if there be no additional sym-
metry that protects their crossing, hybridization along
the crossing lines opens a gap and the double-helicoid
structure of the surface dispersion is lost and the Fermi
arcs also disappear. This has been the case of all Dirac
semimetals discovered so far. Below we show that a non-
symmorphic symmetry[29, 53–61] protects the crossing
and with it the topological surface states.
Consider a three-dimensional system with the follow-

ing symmetries: a glide reflection, G, that reverses the
a-direction then translates by half lattice constant along
the b-direction, and time-reversal symmetry, T . Define
the antiunitary symmetry Θ as their composition

Θ ≡ G ∗ T : (x, y, z, t) → (−x, y + 1/2, z,−t), (2)

where (x, y, z) are the spatial coordinates along a, b, c-
axes in unit of the corresponding lattice constants. Eq.(2)

Weyl semimetals (2016)
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